Abstract. In this work, sharp Wirtinger type inequalities for double integrals are established. As applications, two sharpČebyšev type inequalities for absolutely continuous functions whose second partial derivatives belong to L 2 space are proved.
Introduction
The theory of Fourier series has a significant role in almost all branches of mathematical and numerical analysis. A very interesting connection between inequalities and Fourier series has been made along more than a hundred year ago. The celebrated Bessel's integral inequality was named after Bessel death and considered from that time as the first adobe in this connection and started point for other related works after the end of 18-th century.
In 1916, Wirtinger [8] credibly proved his inequality regarding square integrable periodic functions, which reads: Theorem 1. Let f be a real valued function with period 2π and 2π 0
with equality if and only if f (x) = A cos x + B sin x, A, B ∈ R.
Many authors have considered a main attention for Wirtinger's inequality and therefore, several generalizations, counterparts and refinements was collected in a chapter of the book [20] .
In 1967, Diaz and Metcalf [10] have extended and generalized Wirtinger inequality and they proved the following result: Theorem 2. Let f be continuously differentiable on (a, b). Suppose f (t 1 ) = f (t 2 ) for a ≤ t 1 ≤ t 2 ≤ b, then the inequality
holds. In particular, if
For other related results see [6] , [7] and [19] . One of the most direct applicable usage of (1.3) were considered in several works regarding the famousČebyšev functional
which compare or measure the difference between the integral product of two functions with their corresponding integrals product.
In 1970, Ostrowski [16] proved that if
After that in 1973, A. Lupaş [15] has improved the result of Ostrowski's (1.6) and proved that
Wirtinger's type inequalities
Let I be a two dimensional interval and denotes I • its interior, for a, b, c, d ∈ R, we consider the subset
• . Also, define the subsets I − and I − of I as follows:
Throughout of this section we assume that f : I → R satisfies the boundary conditions:
on I − , and both conditions on I
• . Let L 2 (I) be the space of all functions f which are absolutely continuous on I,
is valid. The constant Firstly, let us observe that since g ′ 1 (x) = ω 1 cos ω 1 (x − a) , and so that g
Now, if a < α < β < b, and c < γ < δ < d, we have
where, in (2.4) we integrate by parts, assuming that u = g 2 (g ′ 2 ) and dv = 2Φ ′ y Φ. Now, we also have
Hence,
as α −→ a + and γ −→ c + , i.e., f 2 (α, γ) = 0 and so that
as γ −→ c + , i.e., f 2 (α, γ) = 0 and so that
Then, from (2.5) it follows
where a < β < b and c < δ < d. Now let α −→ a
− to obtain the inequality (2.1). To obtain the sharpness, assume that (2.1) holds with another constant K > 0,
therefore, we have
, and
which means that K ≥ 
, then the inequality (2.1) still holds, and the inequality is sharp.
Proof. The proof goes likewise the proof of Theorem 3, with few changes in the auxiliary function 'sin' in both variable x and y defined on the bidimensional interval I − . To obtain the sharpness, define the function f :
where C is constant.
Under the assumptions of Theorem 3 and Corollary 1 together, the inequality 
and the make the substitution h(x, y) = |f (x, y) − f (ξ, η)| 2 . To obtain the sharp-
is the unit step function.
Sharp bounds for theČebyšev functional
TheČebyšev functional
has interesting applications in the approximation of the integral of a product as pointed out in the references below.
In order to represent the remainder of the Taylor formula in an integral form which will allow a better estimation using the Grüss type inequalities, Hanna et al. [14] , generalized the Korkine identity for double integrals and therefore Grüss type inequalities were proved.
In 2002, Pachpatte [17] has established two inequalities of Grüss type involving continuous functions of two independent variables whose first and second partial derivatives are exist, continuous and belong to L ∞ (D); for details see [17] . For more results about multivariate and multidimensional Grüss type inequalities the reader may refer to [2] - [5] , [11] - [14] and [18] .
Recently, the author of this paper [1] established various inequalities of Grüss type for functions of two variables under various assumptions of the functions involved.
In viewing of Corollary 2, we may state the following result.
Proof. By the triangle inequality and then using the Cauchy-Schwartz inequality, we get
Now, since
where ∆ :
Therefore,
Applying (2.7), we get
Thus,
In a similar argument we can observe that
Finally, since
which proves (3.2) . To obtain the sharpness, assume that (3.2) holds with another constant K > 0,
Define the functions f, g : D → R, given by
therefore, we have 
